Chapter 2

Limits and Continuity

Section 2.1 Rates of Change and Limits
(pp- 59-69)

Quick Review 2.1
1. f(=22%-502>%+4=0

427% -5 11

2. f@= =—
P4 12

sin 7=0

. 2
3. f(2)=sin [”5j

1
4. fQ2)= =
/ 221

W | —

5. |x|<4
—4<x<4

6. |x| <c?

—c2<x<02

7. |x-2|<3
-3<x-2<3
—1<x<5

8. |x—c|<d2
—d* <x—-c<d?

—d*+c<x<d®+c

x*—3x-18 _ (x+3)(x—6)
x+3 x+3

232 —x o x2x-) x

10. = - r
2% +x—1 Qx=D(x+1) x+1

Section 2.1 Exercises

Ay _16(3)* ~16(0)°
At 3-0

1. =48 ft/sec

Ay _16(4)* =16(0)*
At 4-0

2. =64 ft/sec

=x—6, x#-3

[

Section 2.1

3 Ay _16G+h)* -16(3)°
T A h
_16(3+0.01)% —16(9)

0.01
_16(9.0601) -16(9)

0.01
_ 1449616144

0.01
0.9616

0.01
=96.16 ft/sec

Confirm Algebraically

Ay 16(3+h)* -16(3)

At h
_16(9+6h +h*)—144
B h
96k +16h*

h
= (96 +16h) ft/sec
if h =0, then ﬂ =96i
At sec

, say h=0.01

Ay 16(4+0)° ~16(4)°
At h
16(4+0.01)> —16(4)° _ 16(16.0801) ~16(16)

0.01 0.01
_257.2816-256

0.01
12816

0.01
=128.16 ft/sec
Confirm Algebraically
Ay _16(4+h)* —16(4)°
At h
1616 +8h +h*)—256
h
128k +16h*

h
= (128 +16h) ft/sec

4. , say h=0.01

if h =0, then & = 128i
At sec

5. lim 2> =3x2+x=1)=263-3c2 +¢c-1

X—C

. AR B P |
6. lim 3 =—

x—>c x7+ 9 c“+9
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62 Section 2.1

1) 1
7. lim 3x2(2x—1)=3[——) {2(——)—1}
x—>-1/2 2

x——4

9. lim (x° +3x%>-2x-17)

x—l1

=) +3(1)% =2(1)-17

=1+3-2-17

=-15

. Y2 +5y+46 22+52)+6 20
10. lim = ===5

y=2  y+2 2+2 4

Y +4y+3 (=32 +4(=3)+3 _0 _

11. lim
¥ -3 -3*-3 6

y—=-3

0

L !
12. lim intx=int—=0
x—1/2 2

Note that substitution cannot always be used to find limits of the int function. Its use here can be justified by

the Sandwich Theorem, using g(x) = A(x) = 0 on the interval (0, 1).

13. lim (x-6)*3=(2-6)*3

x—-2

Il
5]
~

—8)2
64

2

Il
N

14. lim Vx+3=2+3=5
x—2

15. (a) X -0.1 —-0.01 -0.001 —-0.0001
Sx) | 1.566667 | 1.959697 | 1.995997 | 1.999600
(b) x 0.1 0.01 0.001 0.0001
Sx) | 2372727 | 2.039703 | 2.003997 | 2.000400
The limit appears to be 2.
16. (a) X -0.1 ‘ -0.01 ‘ —-0.001 ‘ —-0.0001
fx | -1.1 ‘ —-1.01 ‘ —-1.001 ‘ —-1.0001
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17.

18.

19.

20.

21.

22,

Section2.1 63
® x| o1 ‘ 0.01 ‘ 0.001 | 0.0001
S| -0.9 ‘ -0.99 ‘—0.999 —0.9999
The limit appears to be —1.
(a) X -0.1 -0.01 —0.001 —0.0001
fix) | —0.054402 | —0.005064 | —0.000827 | —0.000031
(b) x 0.1 0.01 0.001 0.0001
fix) | —0.054402 | —0.005064 | —0.000827 | —0.000031
The limit appears to be 0.
(a) X -0.1 ‘ -0.01 ‘ —-0.001 ‘ —0.0001
Ao | 0.5440 ‘ 0.5064 ‘—0.8269 ‘ 0.3056
b) x 0.1 ‘ 0.01 ‘ 0.001 ‘ 0.0001
f) | 05440 | -0.5064 | 08269 | -0.306
There is no clear indication of a limit.
(a) X -0.1 -0.01 —0.001 | —0.0001
fx) | 2.0567 2.2763 2.2999 2.3023
(b) x 0.1 0.01 0.001 0.0001
Sx) | 2.5893 2.3293 2.3052 2.3029
The limit appears to be approximately 2.3.
(a) X -0.1 ‘ -0.01 —-0.001 ‘ —0.0001
Sftx) | 0.074398 ‘ —0.009943 | 0.000585 ‘ 0.000021
b) x 0.1 ‘ 0.01 0.001 ‘ 0.0001
fx) | —0.074398 ‘ 0.009943 | —0.000585 ‘ —0.000021
The limit appears to be 0.
You cannot use substitution because the expression v x—2 is not defined at x = —2. Since the expression is

not defined at points near x = —2, the limit does not exist.

o . | ) . 1 o
You cannot use substitution because the expression — isnot defined at x = 0. Since - becomes arbitrarily
X X

large as x approaches O from either side, there is no (finite) limit. (As we shall see in Section 2.2, we may

N |
write lim — =c0.)
x—0 x
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64 Section 2.1

23. You cannot use substitution because the

24,

25.

26.

&

expression — is not defined at x = 0. Since
X
X X
lim U =—1 and lim u =1, the left- and
x—=0" X x—=0" X

right-hand limits are not equal and so the limit
does not exist.

You cannot use substitution because the
(4+x)?%-16

X

expression is not defined at

x =0. Since
(4+x)% 16 8x+x>
X X

the limit exists and is equal to
lim (84+x)=8+0=38.

x—0

=8+ x forall x #0,

Y1=(R-1)/(Hz-12

[—4.7, 4.7 by [-3.1, 3.1]
.ox—=1 1
lim =—
x—1 xz —1 2

Algebraic confirmation:

. X— x—1
lim =lim
=l 2 21 xsl(x+D (x=1)
. 1
=lim —
x—lx+1
1

e

Y1=(R2-3H+ 2D/ (RZ-Y)
L~

——

H=2 /"{:

[—4.7,4.7] by [-3.1, 3.1]

P -3+2 1
lim ———=—
t—2 [2_4 4

217.

28.

Algebraic confirmation:
2 — j— —
17342 lim t-=2)(t-1)

lim i
=2 24  1>20@-2)(t+2)
. t—1
=lim —
—=21+2
_2-1
242
_1
4
T1=(ERT+BRZIA(ZH 4-16H2)
R=i =
[—4.7,47] by [—3.1, 3.1]
B P |
Iim —————=——
x—03x* _16x2 2
Algebraic confirmation:
5% +8x7 . x2(5x+8)
lim 1 5= lim PN
x—=03x" —16x° x20x"(3x" -16)
. 5x+8
=lim ———
x=03x% 16
_ 5(0)+8
3(0)2 -16
_8
-16
__1
2
=01/ CE+RI-1/ 2070
=0 ﬂ\‘:
[—4.7,4.7] by [—3.1, 3.1]
11 1
lim 22—~
x—0 X 4
Algebraic confirmation:
1 1
lim 2~ 2 — {im 2-C+n
x—0 X x—=0x(2+x)(2)
. —X
=lim ————
=0 x(2+x) (2)
-1
=lim ———
x—=02(2+x)
-1
2(2+0)
__1
4
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29.

30.

31.

T1=((2+HJS-BJH§f

H=0 |T=
[~4.7,4.7) by [5, 20]

3_
lig 20" -8 _

x—0 by

12

Algebraic confirmation:
3 2
lim 2+x) 8=lim 12x+6x" +x

= lim (12 + 6x + x°)

=12+ 6(0) +(0)?

x—0 X x—0
x—0
=12
Vi=sin(zHI N
VAN
R=0 V=

[-4.7,4.7] by [-3.1, 3.1]

sin 2x

lim

x—0 X

=2

lim =21lim
x—0 X x—0

YA=5in(RIACEHZ-H)

n=0 =
[—4.7,47] by [-3.1, 3.1]
sin x

lim =-1
x=02x% — x

. sin x .
lim = lim
x—0 2_x —-X x—0
=| lim
x—0 X

- (1{2(0)—1

=-1

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.

Algebraic confirmation:
sin2x sin2x

2x

Algebraic confirmation:
sinx

x  2x-1
sin x

1

32.

33.

34.

35.

T1=CH+5inCI/ N

H=0 Y=
[—4.7,4.7] by [-3.1, 3.1]
. X+sinx
lim =2
x—0 X
Algebraic confirmation:
. X+sinx .
lim = lim
x—0 X x—0

=(lim1

x—0
=1+1
=2

Yi=(sinCRIZ R

H=0 qxhhd’];=

[—4.7,4.7] by [—3.1, 3.1]

. sin? x
lim

x—0 X

=0

Algebraic confirmation:

. sin” x . . sin
lim = lim (smx-
x—0 X x—0

= [ lim sin x

x—0
=(sin0) (1)
=0

?1:(HS-125]H(f:j1HfH/;f

e

W=k W=
[0, 10] by [0, 150]
3_
lim =12 _ 75
x—5 x-=5

Algebraic confirmation:
3 _ 2
x7 =125 ~ 1im (x=5)(x“ +5x+25)

)

. sinx
lim ——
x—=0 X

)
i S0 xj

x—0 X

Section 2.1

lim
=5 x=5 x—5 x=5
= lim (x% + 5x + 25)
x—5
=(5)% +5(5)+25
=75

Answers will vary. One possible graph is

65

given by the window [-4.7, 4.7] by [-15, 15]

with Xscl =1 and Yscl = 5.



66 Section 2.1

36. Answers will vary. One possible graph is

given by the window [-4.7, 4.7] by [-15, 15]

with Xscl =1 and Yscl = 5.

37. Sinceint x =0 for xin (0, 1), lim intx=0.

x—0*

38. Since int x = —1 for x in (-1, 0),

lim intx=-1.
x—0"

39. Sinceintx=0forxin (0, 1), lim intx=0.

x—0.01

40. Sinceintx=1forxin(1,2), lim intx=1.
x—2"

41. Since~=1forx>0, lim -~ =1.

[ 20" 1]

42, Sincel=—1 for x <0, lim x -1.

E e
43. (a) True
(b) True

(c) False, since lim f(x)=0.

x—0"
(d) True, since both are equal to 0.
(e) True, since (d) is true.
(f) True

(g) False, since lim f(x)=0.

x—0

(h) False, lim f(x)=1,but lim f(x) is
x—1

x—1
undefined.

(i) False, lim f(x)=0, but lim f(x) is
x—1

x—lt
undefined.

(j) False, since lim f(x)=0.

x—2"
44. (a) True

(b) False, since lim f(x)=1.

x—2

(c) False, since lim f(x)=1.
x—2

45.

46.

47.

48.

(d) True
(e) True

(f) True, since lim f(x) # lim+ f(x).

x—1 x—1
(g) True, since both are equal to 0.
(h) True

(i) True, since lim f(x)=1forall cin (1, 3).

X—C

(@ lim f(x)=3

x—3

(b) Ilim f(x)=-2

x—3"

(¢) lim f(x) does not exist, because the left-
x—3

and right-hand limits are not equal.
@ f3)=1

(@ Ilim g()=5

t—>—4~

() lim g(r)=2

t——4"

(c) lim4 g(t) does not exist, because the left-
;rz_right-hand limits are not equal.

) g(-4)=2

(@ lim f(h)y=—4
h—0~

() lim f(h)=—-4
h—0"

(¢) lim f(h)=-4
h—0

(d) f0)=-4

(@ lim p(s)=3

s—-2"

(b) lim p(s)=3

s—-2F

(¢) lim p(s)=3

s—-2

d) p(=2)=3
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Section2.1 67

B i =4 @ tim 8D Jim 89
x—=4 f(x)—1 . T
(b) lim F(x)=-3 (iﬂf (X)j (iﬂl)
x—0 _i
C0-1

(c) lim F(x) does not exist, because the left-
x—0

and right- hand limits are not equal.

=-3

56. (a) lim (f(x)+g(x)
x—b

) F(0)=4
= [ lim f(x)j + [ lim g(x))
x—b x—b

50. (a) lim G(x)=1

x—2" =7+(=3)
=4
(b) Ilim G(x)=1
x—2* (b) lim (f(x)-g(x))
x—b
(¢) lim G(x)=1 =| li i
(1m0 (1 £00)
=(7) (-3
d G2)=3 =-21

2 . .
51, y1=x +x—2=(x—1)(X+2)=x+2,x¢1 () )1(1_>mb4g(x)=4)1cl_>mbg(x)=4(_3)=_12
x-1 x-1

(©

@ im0 e 77

x—=b g(x) lim g(x) -3 3
x—b

2_ — —
52, y1=x X 2:(x+1)(x 2)

x—1 x—1

(b) 57. @) [ ]
o

2 -2x+l (x-1)?

53. = =x-1, x#1
N x—1 x—1
(d) [-3, 6] by [-1, 5]
54 _x2+x—2_(x—l)(x+2) (b) lim f(x)=2; lim f(x)=1
B x+1 x+1 x=2" -2
(a)

(¢) No, because the two one-sided limits are
different.

55. (a) lim (g(x)+3)= (lim g(x)j +(lim 3]
x—4 _ 31—;34 x—4 58. (a) \
=6 \:/_/

(b) lim xf(x) =(lim x)(lim f(x)j
x—4 x—4 x—4 [-3, 6] by [-1, 5]
=4.0
=0 () lim f(x)=L lim f(x)=1
x—2" x—2"
2
(¢) lim g2(x) =(lim g(x)j =32=9 (¢) Yes; the limit s 1.
x—4 x—4
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68 Section 2.1

59. (a)

(b)

(0

60. (a)

(b)

()

61. (a)

(b)
(V]
(d)

62. (a)

(b)

[-5, 5] by [4, 8]

lim f(x)=4; lim_ f(x) does not exist.

x—l1 x—1

No, because the left-hand limit does not
exist.

RN

/1)

[-4.7,4.7] by [-3.1, 3.1]

lim+f(x):0; lim f(x)=0

x——1 x——1"

Yes; the limit is O.

AN\WA
\/

(=27, 0)u (0, 27)
c=2rx

c=-2r

e
/

: 1 1 1
5T X

g
wn

SHEGY

63.

64.

65.

(¢ c=x
d) c=—nx
(a) y

2.5F

(b) 0, 1) u(l,2)

() ¢c=2
(d ¢c=0
(a)

2.5

/

I

(b) (=eo, =D)L (-1, 1) U (1, )

(c) None

(d) None

Y 1=Hzin (k)

H=0 =0 \

[-4.7,47] by [-3.1, 3.1]

lim (xsinx)=0
x—0

Confirm using the Sandwich Theorem, with

gx)= —|x| and h(x) :|x|.

|xsin x| = |x|-|sin x| S|x|-1 = |x|

—|x| <xsinx < |x|

Because lim (—|x|) = lirr%)
X

x—0

Sandwich Theorem gives lim (xsinx)=0.

|x|=0, the

x—0

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



66.

67.

68.

T1=HZ5in ()

/)

I

R=0 =0 \
[—4.7,47] by [-5, 5]

lim (x%sinx)=0
x—0
Confirm using the Sandwich Theorem, with

g(x) =—x” and h(x) = x°.

2 2

sinx‘:‘xZ‘-|sinx| < ‘xZ‘-lzx .

2

E

2

—X sz

sinx < x

Because lim (—xz) = lim x> = 0, the
x—0 x—0

Sandwich Theorem gives lim ()c2 sinx) =0
x—0

Y1=Hzsin(1 /02

=0 =
[—0.5, 0.5] by [—0.25, 0.25]

lim | x? sini =0
x—0 xz

Confirm using the Sandwich Theorem, with

gx) = —x*and h(x) =x.
X2 sinL2 :‘xz‘- sinL2 S‘xz‘-lzxz.
X x

.1
—x2 < x2 sm—2 < x2

X

Because lim (—x2) = lim x> = 0, the
x—0 x—0

x—0 X

Sandwich Theorem give lim Exz sin izj =0.

1=z o5l 1)

H=0 =
[—0.5, 0.5] by [—0.25, 0.25]

lim | x? cosi =0
x—0 xz

Confirm using the Sandwich Theorem, with

gx) = —x*and h(x) = X2
X2 cosi2 :‘xz‘- cosi2 < ‘xz‘-lz X2
X X

69.

70.

Section2.1 69

1
—x2 < x2 cos—- < x2
X
Because lim (—x2) = lim x> = 0, the
x—0 x—0

Sandwich Theorem give lim Exz cos L] =0.
x—0 xz
(a) In three seconds, the ball falls
4.9 (3)2 =44.1 m, so its average speed is

% =14.7 m/sec.

(b) The average speed over the interval from
time =3 totime 3 + A is

Ay _ 4.9G+h)* -4.903)*

At B+h)-3
_4.9(6h+h?)
h
=29.4+4.9h
Since lim (29.4+4.9h) =29.4, the
h—0

instantaneous speed is 29.4 m/sec.

(a) y=g’
20 = g(4%)
:QZE or 1.25
16 4

(b) Average speed = % =5 m/sec

(c) If the rock had not been stopped, its
average speed over the interval from time
t=4totimer=4+his

Ay _1.25(4+h)* -1.25(4)°

At (4+h)—4
1.25(8h+h?)
h
=10+1.25h
Since lim (10+1.25k) =10, the
h—0

instantaneous speed is 10 m/sec.

71. True; the definition of a limit.

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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Section 2.1

72. True

73.
74.
75.
76.

77.

lim

x—0

x+sinx . sin x
=lim| 1+
X x—0 X
. sinx
=1+ lim
x—0 X
=2

sin x = x as x—0.

(a)

(b)

(V]

(d)
(e)

®

Because the right-hand limit at zero
depends only on the values of the function
for positive x-values near zero.

Area of AOAP = %(base) (height)

= %(l) (sin @)

_siné
2
)
Area of sector OAP = w
_o)°
2
_e
2

Areaof AOAT = %(base) (height)

= %(1) (tan )

_tan@
2

This is how the areas of the three regions
compare.

Multiply by 2 and divide by sin 8.

Take reciprocals, remembering that all of
the values involved are positive.

The limits for cos @ and 1 are both equal

. sin@ . .
to 1. Since is between them, it must

also have a limit of 1.

(®

(h)

()

78. (a)

(b)

(V]

79. (a)

sin(-f) —sinf sinf
-0 -0 o

If the function is symmetric about the
y-axis, and the right-hand limit at zero is
1, then the left-hand limit at zero must
also be 1.

The two one-sided limits both exist and
are equal to 1.

The limit can be found by substitution.

lim f(x)=f(2)= BR)-2=4=2
X—>

The graphs of y; = f(x), y, =1.8, and
y3 =2.2 are shown.

=

-

-

Intersection
®=1.7466667 V=18 . . .

[1.5,2.5] by [1.5,2.3]
The intersections of y; with y, and y;
are at x = 1.7467 and x = 2.28,
respectively, so we may choose any value
of ain [1.7467, 2) (approximately) and

any value of b in (2, 2.28].
One possible answer: a = 1.75, b =2.28.

The graphs of y; = f(x), y, =1.99, and
v3 =2.01 are shown.

r
-~

Intersection
n=1.9867 V=199 .

[1.97,2.03] by [1.98, 2.02]
The intersections of y; with y, and y;

are at x = 1.9867 and x = 2.0134,
respectively, so we may choose any value
of ain [1.9867, 2), and any value of b in
(2, 2.0134] (approximately).

One possible answer: a =1.99, b =2.01.

.4 !
— |=sin—=—
()= on=3
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(b) The graphs of y; = f(x), y, =0.3, and

y3 =0.7 are shown.

.’_ﬂ"
Inkersection
LRl [T el oy o e ——

[0, 1] by [0, 1]
The intersections of y; with y, and y;

are at x = 0.3047 and x = 0.7754,
respectively, so we may choose any value

of a in |:0.3047, %), and any value of b

in (%, 0.7754}, where the interval

endpoints are approximate.
One possible answer: a = 0.305,
b=0.775.

(c) The graphs of y; = f(x), y, =0.49, and
vy3 =0.51 are shown.

/f/

II‘It“.I’H:Cii'CII‘I
§=.5120H975 .y=.49

[0.49, 0.55] by [0.48, 0.52]
The intersections of y; with y, and y;

are at x =0.5121 and x = 0.5352,
respectively, so we may choose any value

of a in {0.5121, %), and any value of b

in (%, 0.5352}, where the interval

endpoints are approximate.
One possible answer: a = 0.513,
b=0.535.

80. Line segment OP has endpoints (0, 0) and

(a, a2), so its midpoint is

0+a 0+a2 a a* . .
,—— |=| —, — | and its slope is
2 2 2 2

a’ -0

0 = a. The perpendicular bisector is the
a—

2
line through 2, a with slope —l, SO its
22 a

Lo 1 a) a? —_
equationis y =—— x—E +7, which is
a

Section2.2 71

2
equivalentto y = —lx +1+_a. Thus the
a 2
2
. . +a .
y-intercept is b = .As the point P

approaches the origin along the parabola, the
value of a approaches zero. Therefore,
2 2
lim b= lim 79 1707 _ 1,
P—0  a—0 2 2 2

Section 2.2 Limits Involving Infinity
(pp- 70-77)

Exploration 1 Exploring Theorem 5

1. Neither lim f(x) or lim g(x) exist. In this
X—>o0 X—>oo

case, we can describe the behavior of fand g

as x — oo by writing lim f (x) =c0 and
X—>00

lim g(x) =eco. We cannot apply the quotient
X—>o0

rule because both limits must exist. However,
from Example 5,
. Sx+sinx . sin x
Iim ——=1lim | 5+—— |=5+40=5,
X—>o0 X X—>00 X
so the limit of the quotient exists.

2. Both fand g oscillate between 0 and 1 as
Xx — oo, taking on each value infinitely often.
We cannot apply the sum rule because neither
limit exists. However,
lim (sin2 x+cos? x)=lim (1) =1,
X—>o0 X—>o0
so the limit of the sum exists.

3. The limit of fand g as x — e do not exist, so
we cannot apply the difference rule to f— g.
We can say that lim f(x)= lim g(x)=rco.

X—e0 X—o0
We can write the difference as

f(X)—g(x)=In(2x)—In(x+1) zlnﬂ. We
x+1

can use graphs or tables to convince ourselves
that this limit is equal to In 2.

4. The fact that the limits of fand g as x — oo do
not exist does not necessarily mean that the

f

limits of f+ g, f— g or — do not exist, just
8

that Theorem 5 cannot be applied.
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Quick Review 2.2

1. y=2x-3
y+3=2x
y+3:x
2
Interchange x and y.
x+3

> y
—1 x+3
X)=——
A C) 5

[-12, 12] by [-8, 8]

2. y=e*
Iny=x
Interchange x and y.
Inx=1y

f_l(x) =Inx

[-6, 6] by [-4. 4]

3. y= tan”! x

tany=x r <y< z
y=4X ) y 2
Interchange x and y.

/4 /4
tanx=y,——<x<—
2 2

-1 T T
xX)=tanx,——<x<—
f ) > >

[-6, 6] by [-4. 4]

4. y= cot ™! x
coty=x,0<y<rxm
Interchange x and y.
cotx=y,0<x<7

f_l(x):cotx,0<x<ﬂ'

@ fo=

)
[-6, 6] by [-4, 4]
2
3
383 +4x =523 -3x%+ x-1
2x3+0x2+§x—&
3 3
—3x2—§x +Z
3
2
X)=—
q(x) 3
r()c)=—3)c2——x+Z
3
2x% +2x+1

o2 #1260 + 0x*— P+ 0x?+ x-1
200 = 2xt + 0+ 242
2t - B2+ k-1
2xt— 280 +0x%+ 2x
B2k - -1
= 1%+ Ox+1

—xz— x=2

g(x)=2x% +2x+1

r(x)=—x2—x—2

. (@) fl-x)=cos (—x) =cosx

ot

. @ flo)= e V=

b) f(lj =l
X

In(-x) __In(x)

—X X

—_
=
—

(b) f(lj= X = xlnx'=-xlnx
X

o]

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



10. (a) f(—x)= [—x +Lj sin (—x)
—X

= —(x-klj(—sinx)
X
(o)
X+—|sinx
X

® fl+ —(1 %J 1
x; X
(reli)
+ x [sin

.x

Section 2.2 Exercises

—[—

1.

[—5,5]by [—1.5, 1.5]

o0s5C1/R)

(@) lim f(x)=1

X—>o0

() lim f(x)=1

Ed
1o | -.0087
zoo | -poy3
Eo0 | .0046E
1006 | B3E-H
100 | ~boR?
=200 | -oah3
500 | 60485
W1Bsint2ry- »

(@ lim f(x)=0

X—>o0

(b) lim f(x)=0

X—y—oco

() y=0

Section 2.2

8
Y

[—5, 5] by [—10, 10]

“
100 YE -4&
i 7PE-80
300 0
Yoo 0
-100 “2EM1
200 “HEBY
00 ERROR

Y1 Ee"( TRISR

(@ lim f(x)=0

X—>o0

(b) lim f(x)=—co

X—y—oco

() y=0

\Jr/

[—10, 10] by [—100, 300]

:300 erereh
FIB(SRE—R+17/(R..

(@) lim f(x)=eco

X—o0

(b) lim f(x)=e°

X——o0

(c) No horizontal asymptotes.

—

[—20, 20] by [—4, 4]

T ]
o | 2951
zoo | Ea7ee
fop | E3E3n
oo | S387%
oo | “5eid
-200 | -5'8&E
-So0 | -5977
Y1BC3IR+1 2 Cabs (..

(@) lim f(x)=3

X—o0

() lim f(x)=-3
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6.

-Z2.0dh
V1BC2K-1)Cabst..

(@) lim f(x)=2

X—o0

(b) lLim f(x)=-2

X——o0

() y=2,y=-2

[-5.5]by[-2,2]

X |ioA
100 1
200 i
£00 1
000 |1
-00 |1
200 | -1
500 | -1

V18X abs (¥

(@) lim f(x)=1

X—>o0

(b) lim f(x)=-1

X—>—o0
(© y=1y=-1

[-5, 5] by [-2, 2]

T 1]

100 [ .9901

Zo0 | lBEchz

Egp | &,

1000 | G

100 | ‘@801

-z00 | ‘BESDZ

-500 | 18g
1Babs (X3 Cabs (..

(@ lim f(x)=1

X—>o0

() lim f(x)=1

X——o0

() y=1

10.

11.

12.

13.

14.

0<1-cosx<2. So, for x>0 we have
0< 1—cosx < i
X2 X2
By the Sandwich Theorem,
0= lim (0) = lim l_cg” = lim %:0.
X—> o0 X—> o0 X X—o x

0<1-cosx<2.So, for x>0 we have
l—cosx _ 2

0< < - By the Sandwich
X X
Theorem,
. . l—cosx . 2
0= lim (0)= lim = lim —=0.
X—>—00 X—>—oo X X—>—oo x2
. 1 sinx 1
—1<sinx<1, soforx<0, —< <——.
X X X
Therefore
. 1 . sin x . 1
Iim —= lim ——= lim |——|=0
X—— X x——oo X X—>—00 X
by the Sandwich Theorem.
-1< sin(xz) <1, so forx >0,
. 2
l < sin(x”) < l
X X X
2
-1 .1 sin(x
lim —=1lm—=0=1 %)
X—oo X X—oo X X—o0 X
—
[-2,6] by [—1,5]
H
2.8 1.z8
P 2.5
2.2 3
2.1 in
201 100
2.001 100
2.0001 | 10400
Yi1B1/CK-22
lim =oo
x—=2" x—
—\—“\—\_

[—2,6] by [-3,3]
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15.

16.

17.

FT
iz -1k
18 -y
1.8 -8
i8 -1a
1.89 -189
ig9g8 -i388
1.9989 | -19983

T 1ER - (R
lim = —o0
x—2" X=2

[-7,1]1by[-3,3]

i
-3.0 -1.2%
“3.4 -2.5
=3.3 =3.33%
=32 -
=31 -1i0
=201 -100
-3.001 | ~1000

Y181/ (K+3)
lim = —o0
>3 x+3

-

e

[-7,11by [-3,3]

A

x4 ~2.25

-6 |65

2.7 -8

-z.H -1y

-2 -28

-2.98 -239

-2.588 | -z5899
N BRACK+3)

lim =—oc0
x—-3"x+3
,..'-,_-a-"_,-f’";"' e

[—4,4] by [-3,3]

#
B 0
n 0
2 [}
A Q
0l [}
001 [
1E-Y4 [}
M1Bint ()8
int x
lim ——=0
x—0" X

18.

19.

20

21.

" o ,.f:

e

[—4, 4] by [-3,3]

A |k
-8 1.z2%
-y 2.5
-2 £
-1 10
=01 100
-.001 1000
-1E-4 | 10000
ViBint (Xa s
. intx
lim —— =
x—0" X

ET 1]
] 1.394
] 25678
2 E033E
1 10.017
1 100
001 | 1000
1E-4 | 10000

V181 sindH

lim cscx=oco

NV

AN

[—x, z]by [-3,3]

#
1.6 “34.25
i.e8 -E2.08
1.58 -108.7
1.576 -i9z.2
1.E72 ~B20.8
1.871 ]
1.5708 | -2.7ES
Y181 cos(x
lim secx=-—
+
y4
x_>( 2)

x> +2x°

X +x%+5x+5
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3 27.
X
An end behavior model for yis —=1.
YIS 3 / .

lim y = lim 1=1 ( j
X—>00 X—>00

lim y= lim 1=1

ee” xmmeo [—4, 4] by [-3, 3]
) @ x=-2,x=2
2. y=| 241|222
A 2 (b) Left-hand limit at —2 is oo.
9 Right-hand limit at -2 is —oo.
24 x| 5x° -1 .. .
- Left-hand limit at 2 is —co.
x x2 Right-hand limit at 2 is .
50 410x% —x -2 -
)C3 \ _,-.r""f
An end behavior model fi '5x3—5
n en chavior model 10r y 18 —3 =)D. m
lim y=lim 5=5 [—7. 5] by [5, 3]
X—yo0 xX—yo00
lim y= lim 5=5 @ x=-2
X—>—o00 X—>—o00

(b) Left-hand limit at -2 is —oo.

23. Use the method of Example 9 in the text. Right-hand Timit at —2 is oo,

1

. COS(})_ I cosx_cos(O)_l_1

m:o 1 1m+1 7 _I_ 29.
xoeo 14 a0t 14X +0 "

1

lim COS(;) i SO5* cos(0) _1_1

X—>—o0 1+i x—=0" 1+x  1+0 1 fr“\l'
[—6, 6] by [—12, 6]
24. Note that y= 2X TSI _ 5 sinx (@) x=—1
X X
. L . osinx _ (b) Left-hand limit at —1 is —oo.

So, lim y=lim 2+ lim —==2+0=2. Right-hand limit at —1 is o.

Similarly, lim y=2.

UL

. . -
25. Usey= sinx _sinx. 1
2x2+x X 2x+1
lim $"X [—2. 4] by [2, 2]
x—toeo X
1 1
im =0 (@ x=-—,x=3
x—to0 2x+1 2

So, lim y=0and lim y=0.
X—>c0 X—>—oo 1
(b) Left-hand limit at —5 1S oo,

1sinx 1sinx

26 = Right-hand limit at —% is —oo,
So, li =0and li =0. .. .
© xf;y an x_lfioy Left-hand limit at 3 is c.

Right-hand limit at 3 is —ce.
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31.

32.

33.

34.

35.

36.

A
IRRR

[-27,27] by [-3, 3]

(@) x=kx, kany integer
(b) at each vertical asymptote:

Left-hand limit is —ee.
Right-hand limit is oo.

VRV
AN

[—27, 2x] by [—3, 3]

V4 .
(@ x= E+ nz, n any integer

(b) If niseven:
Left-hand limit is oo,
Right-hand limit is —ce.
If nis odd:
Left-hand limit is —eo.
Right-hand limit is oo.

tanx 1 sinx 1

f)=

sinx SINXCOSX COSX

cos x = 0 at: a=(4k+l)§ and b=(4k+3)§

where k is any real integer.
lim f(x)=co, lim f(x)= o0,

x—a x—a
lim f(x)=—co, lim f(x)=oo.
x—b~ x—b*

cotx cosx 1 1

cosx sinxcosx sinx
sinx=0at a=2krand b= (2k+1)r where k
is any real integer.
lim f (x)=—oo, lim+ f(x) =00,

x—a- x—a
lim f(x)=eco, lim f(x)=—co.
x—b~ x—b*
3
An end behavior model is Zi =2x2. (a)
X
xS
An end behavior model is = 0.5x". (c)
2x

37.

38.

39.

40.

41.

42,

43.

44.

45.

Section2.2 77

4

An end behavior model is 2i =-2x3. (d)
—X

4
An end behavior model is x_2 =—x?. (b)
—X

(a) 3x?

(b) None
(a) —4x°

(b) None

x

(@ —5

2x2

(b) y=0

3x2

(a) x_2
(b) y=3

(a) —=4x’
(b) None

@ —=—x

(b) None

(a) The function y = ¢* is a right end
behavior model because

x_
lim =2% ~ Jim (1—5}1—0:1.

X—>oo ex X—>o0 ex

(b) The function y = —2x is a left end behavior
model because

e* —2x

X
lim = lim |-$-+1
X—>—o0 —2x X—>—oo 2x
=0+1
~1.
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46. (a) The function y = x’isa right end 50.
behavior model because
2, —x —X —
lim 2~ lim [1+e - ]=1+0=1.
X—>oo X X—>oo X
[—4,4]1by [-1,3]
1
(b) The function y = ¢ *is a left end behavior The graph of y=f (;j —e " is shown.
model because :
X te X2 lim f(x)=lim f|—|=0
lim — = lim +1 X—>00 x—0* X
x—>—0 X x——oo| 7% |
= lim (x%¢* +1) xl—lgloo f= xl;n(} [_j -
X—>—o0
=0+1
-1 51. \
—
47. (a, b) The function y = x is both a right end
behavior model and a left end behavior
model because [=3,3] by [-2, 2]
. x+ln|x| im 1 ln|x| 1
m | ——— |= +— =f|- —|
s x s S The graph of y= f (xj is shown.
=1+0 1
-1 lim f(x)= lim f(— =0
’ X—>o0 x—0* X
. 2. . . . 1
48. (a, b) The function y = x“is both a right end lim f(x)=lim f|—|=0
behavior model and a left end behavior A x>0 x
model because 5
2 . . .
lim [ 2ES0X i [ SR AR
X—Foo x2 x—>Foo xz
49. [-5, 5] by [—1.5,1.5]
The graph of y= f (l = sin is shown.
X
1
[—4, 4] by [—1, 3] lim f(x)= lim f|—
X—>o0 x—0" X

The graph of y = f(lj = lell" is shown.
x

-
J-o

lim f(x)= lim (l)

X—>—o x—0"

X—>o0 x—0"

53. (a) lim f(x)= lim (l
X

X—y—o0 X—y—o0

):

(b) lim f(x)= lim (-1)=—1

X—e0 X—>o0

1
X
1
lim f(x)=lim f|—
X

X—>—oo x—0"

lim f(x)= lim [

© lim f(0)= lim += e
x—0" x—=0" X

(d lim f(x)= lim (-1)=-1

x—0* x—0
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54.

5S.

56.

57.

58.

@ lim f(x)= lim 2=2= lim *=1
X—>—o0 x>0 X—1 x—>—e0X
. 1
(b) lim f(x)= lim —2:O
X—>o0 X—>o0 x
© lim f(o= lim 222=072_»
x50 x—-0- x=1  0-1
. .1
d lim f(x)= lim — =00
x—0" x—0" x2
One possible answer:
f1(x) (%)
Note that 220 = 108 () _ gy
a0 g @pHE LW
g,(x) g,(x)
As x becomes large, i and & both
81 82
approach 1. Therefore, using the above
N
equation, 5 must also approach 1.
81
82
Yes. The limit of ( f+ g) will be the same as

the limit of g. This is because adding numbers
that are very close to a given real number L
will not have a significant effect on the value
of (f+ g) since the values of g are becoming
arbitrarily large.

59.

60.

61.

62.

63.

64.

65.

Section2.2 79

has

True. For example, f(x)= al
Vi +1
y == 1 as horizontal asymptotes.

False; consider f(x)= l
X

A; lim (x—2) approaches zero from the left,

x—2"
so lim approaches —co.
x—2" X—
. cos(2x) . .
E; lim (2%) is undefined because
x—0 X
cos(2x .
cos(2) has a vertical asymptote at x = 0.
X
C;let t =3x.

Then ¢t — 0 as x — 0; and

sin(3x) _ lim sint

lim
=0 X 1—0t/3
—3. i 2t
t—0 1
=31
=3
3
D; 2%=2
X

(a) Note that fg = flx)g(x) = 1.
f—o—wasx— 0, foewasx— 0F,
g—0,fg—>1

(b) Note that fg = flx)g(x) = —8.
f—ooeasx— 0, f—>—ccasx —0",
g—0,fg —>-8

(c) Note that fg = flx)g(x) =3(x -2 )2.
f— —casx— 27, f>ooasx — 2%,
g—0,fg—0

(d) Note that fg= f(x)g(x)= > 5

(x-3

[ 0,8 >0,fg >

(e) Nothing—you need more information to
decide.
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66. (a) This follows from x — 1 < int x < x, which 33 3
is true for all x. Dividing by x gives the 3. E; 3" 3
result. 2x
. o x—1 ) 4. (a) Domain: (—oo, 0)\(0, o)
(b, ¢) Since xl_l)l}_rle = xl_l)l}_rlwl =1, the Range: (oo, o)
Sandwich Theorem gives
. . cos(—x) cosx .
lim 20X gy Y (b) f(-x)= ————=-—"=—f(x), sofis
X—oo X X——c X
odd.
68. This is because as x approaches infinity, sin x
continues to oscillate between 1 and —1 and (¢) lim COSX _1<cosx<1
doesn't approach any given real number. oo X h
cos x
2 2 lim =0
69. lim %" =2 pecause Y —2IMY o ¥ X
x—eo Inx Inx Inx
(d) Forallx>0,-1<cosx<1.
70. lim 2%~ 1 (10), since Therefore. — L < $98% o 1
x—oo log x ST, ST
Inx Inx
= =1n10. Since lim —l = lim l =0, it
log x ((1 nlf))) X0\ X x—vee\ X
n
follows by the Sandwich Theorem that
In(x+1) lim <% =0
71. lim ———=1 :
x—e  Inx A X
Si o
mee Section 2.3 Continuity (pp. 78—86)
1 1
In(x+D)=In| x| 1+—||=Inx+In| 1+— |, . ) ) o
X x Exploration 1 Removing a Discontinuity
Inx+In(1+1 In(1+1
In(x+p _ M n(1+}) 14 n(1+}) 1. x%=9=(x—3)(x + 3). The domain of fis
Inx Inx Inx (—o0, =3) U (=3, 3) U (3, ) or all x # 3.
1
But as x — oo, 1+; approaches 1, so 2. It appears that the limit of fas x — 3 exists and

is a little more than 3.

In (1 +lj approaches In(1) = 0. Also, as

X
X — oo, In x approaches infinity. This means /
the second term above approaches 0 and the =
limit is 1.

[-3,6]by[-2, 8]

Quick Quiz Sections 2.1 and 2.2 10
3. f(3) should be defined as 3

2_ f— f—
1. D: fim | 22520 | 2 iy 2D D
x—3 x-3 x—3 x-3 3
. 4., x’ =Tx-6=((x=-3)(x+1)(x+2),
=lim(x+2)
X3 X2 =9 =(x=3)(x+3), s0
=3+2 1 5
=5 f(x)zwfor”g_
. 1 2) 20 1
2. A: lim f()= lim ——=—> =2 Thus, lim &3 +2) _ 20 _10
x—2" —2tx+1 241 3 x—3 x+3 6 3
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] 10 . . 5. Note that
5. lim g(x) = —=g(3), so g is continuous at .2 )
x—3 3 sin x”= (g o f)(x) = g(f(x) = g(x°).
x=3. Therefore: g(x) =sin x, x >0
Quick Review 2.3 (f 0 8)(x) =flg(x)) = fisin x) = (sin x*) or
sin? x,x=20

2 N2
L fim ¥ 32x+1=3( 1 32( D+l _6_, ¢ Not that
x=>-l x4+ 4 (1)’ +4 3 :

§=<gof)<x) = g (f()=Af (L

2. (@ lim f(x)= lim int(x)=-2
x—-1" x—-1"

Therefore, |/ f(x)—1= 1 for x > 0. Squaring

) lim f(x)= lim f(x)=-1 .

=l x>l both sides gives f(x)—1= iz Therefore,
X
(¢) lim f(x) does not exist, because the 1
x—-1 fx)=—+1 x>0.
left- and right-hand limits are not equal. x?
1
(d) fi-1)=int (-1)=-1 (feo))=f(g(x)=———=7+1
(Vx—1)
3. (@ lim f(x)= lim (x2—4x+5) g
x—2" x—2" x—1
=27 -4(2)+5 _1+x-d
=1 X —1
= L, x>1
() lim f(x)= lim 4-x)=4-2=2 x—1
x—2* x—2*
. , 7. 2x%+9x-5=0
(c) )1(1_)1112 f(x) does not exist, because the left- 2x=1)(x+5)=0
and right-hand limits are not equal. Solutions: x = = =5
@ f2)=4-2=2
8. /
1
a, (fog><x>=f(g<x>>=f[;+1] i
_ 2(% + 1) -1 FlEzzates frso
B (L+1)+5 [-5, 5] by [~ 10, 10]
x Solution: x = 0.453
_2(0+x)—x
B (14+x)+5x 9. For x <3, f(x) =4 when 5 — x = 4, which gives
x+2 20 x = 1. (Note that this value is, in fact, < 3.)
= Ea—— X
6x+1 Forx >3, f(x) =4 when —x*+ 6x — 8 =4,
(gof))=g(f(x)= g[zx_lj which gives x?—6x+12=0. The
x+5 discriminant of this equation is
g b%— 4ac = (—6)* - 4(1)(12) = —12. Since the
% discriminant is negative, the quadratic
x+5 2x—1 equation has no solution. The only solution to
= 1 2x-1 the original equation is x = 1.
3x+4
= , X#-5
2x—-1
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10.

ey

e

Y
\\

[—2.7,6.7] by [—6, 6]
A graph of f(x) is shown. The range of f(x) is
(=00, 1) U [2, ). The values of ¢ for which f
(x) = ¢ has no solution are the values that are
excluded from the range. Therefore, ¢ can be
any value in [1, 2).

Section 2.3 Exercises

The function y = is continuous

(x+2)?

because it is a quotient of polynomials, which
are continuous. Its only point of discontinuity
occurs where it is undefined. There is an
infinite discontinuity at x = -2.

x+1

The function y = is continuous

x2 —4x+3
because it is a quotient of polynomials, which
are continuous. Its only points of discontinuity
occur where it is undefined, that is, where the

denominator x*— 4x + 3 = x-Dx-3)is
zero. There are infinite discontinuities at x = 1
and at x = 3.

The function y = is continuous because

x“+1
it is a quotient of polynomials, which are
continuous. Furthermore, the domain is all real

numbers because the denominator, 2+ 1,1s
never zero. Since the function is continuous
and has domain (—eo, o), there are no points of
discontinuity.

The function y = |x— 1| isa

composition ( f o g)(x) of the continuous
functions fix) = |x| and g(x) =x—1, so it is
continuous. Since the function is continuous

and has domain (—oo, o), there are no points of
discontinuity.

. The function y=+2x+3 isa

composition (fog)(x) of the continuous

functions f(x):\/; and g(x) =2x + 3, so it is
continuous. Its points of discontinuity are the

. . . 3
points not in the domain, i.e., all x < —5 .

10.

11.

12.

. The function y = J2x—1 isa composition

(fog)(x) of the continuous functions

f(x) =3x and g(x) =2x— 1, so it is
continuous. Since the function is continuous

and has domain (—oo, o), there are no points of
discontinuity.

A

The function y =-— is equivalent to
X
_J-1, x<0
YTl x>0.

It has a jump discontinuity at x = 0.

The function y = cot x is equivalent to

cosx . . .
y =——, a quotient of continuous functions,
sin x

so it is continuous. Its only points of
discontinuity occur where it is undefined. It
has infinite discontinuities at x = k7 for all
integers k.

The function y = ¢/~ is a

composition (f°g)(x) of the continuous
. 1 .
functions f(x) = e* and g(x)=—, soitis
x

continuous. Its only point of discontinuity
occurs at x = 0, where it is undefined. Since
lim e
x—0*
infinite discontinuity.

= oo, this may be considered an

The functiony=In (x + 1) is a
composition (f°g)(x) of the continuous

functions f(x) =Inx and g(x) = x + 1, so it is
continuous. Its points of discontinuity are the
points not in the domain, i.e., x < -1.

(@) Yes, fi-1)=0.

(b) Yes, lim f(x)=0.

x——1"
(¢) Yes

(d) Yes, since —1 is a left endpoint of the
domain of fand lim f(x)= f(-1),f is
x——1"

continuous at x =—1.
(@) Yes, f(1)=1.

(b) Yes, lim f(x)=2.

x—1
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13.

14.

15.

16.

17.

18.

19.

20.

(¢) No
(d) No
(a) No

(b) No, since x = 2 is not in the domain.

Everywhere in [-1, 3) except forx =0, 1, 2.

Since lim f(x) =0, we should assign
x—2

fiz)=0.

Since lim f(x) =2, we should reassign
x—1

A =2.

No, because the right-hand and left-hand

limits are not the same at zero.

Yes, Assign the value O to f(3). Since 3 is a
right endpoint of the extended function and

lim f(x)=0, the extended function is
x—3"

continuous at x = 3.

N

(@ x=2

(b) Not removable, the one-sided limits are
different.

(@ x=2

(b) Removable, assign the value 1 to f(2).

21.

22,

23.

24.

25.

26.

Section2.3 83

[=5,5]by [—4, 8]
@ x=1

(b) Not removable, it’s an infinite
discontinuity.

N

/1N

[—4.7,4.7]1 by [—3.1, 3.1]

@ x=-1
(b) Removable, assign the value 0 to f(—1).

(a) All points not in the domain along with
x=0,1

(b) x=01is aremovable discontinuity, assign
f0)=0.
x =1 is not removable, the one-sided
limits are different.

(a) All points not in the domain along with
x=1,2

(b) x =1 is not removable, the one-sided
limits are different.
x =2 is aremovable discontinuity, assign

f@=1

For x # -3,
2_ p—
f=2 ) _ I _ . 5
x+3 x+3
The extended function is y = x — 3.
3_
Forx #1, f(x)="— "1
(=D +x+1D)
(x+D(x=1
_ X +x+l
x+1
X +x+l1
The extended functionis y=——.
x+1
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. . sinx L. 36. fis the composite of two continuous functions
27. Since lim =1, the extended function is )
x.—>0 * g o h where g(x) =tan x and h(x)= )
ML x%0 x“+4
y=9 x ' .
1, x=0 37. One possible answer:

Assume y = x, constant functions, and the
square root function are continuous.

. . sin4 . in4
28. Since lim St =4 Jim 207% = 4(1) =4, the By the sum theorem, y = x + 2 is continuous.
x—0 X x—0 X . .
4 By the composite theorem, y =+/x+2 is
sin4x .
extended functionis y=9 y X O. continuous. {
4, x=0 By the quotient theorem, y = is
Vx+2
29. For x # 4 (and x > 0), continuous.
4 (\/;+2)(\/;_2) Domain: (-2, =)
fxo= = =Jx+2.
Jx-2 Jx-2 38. One possible answer:
The extended function is y = Jx+2. Assume y = x, constant functions, and the cube

root function are continuous.

30. Forx#2 (and x#-2). By the difference theorem, y =4 — x is

3 5 continuous.
fx) = X —4x 2_ 11x+30 By the composite theorem, y = Ja—x is
5 X = 54 3 continuous.
=2)(x=5)(x+
= (x=2)(x=5)(x+3) By the product theorem, y = X2 =x-x is
(x=2)(x+2) continuous
(x=5)(x+3) )
= +2 By the sum theorem, y = x> +34-x is
2 _2x_15 continuous.
= T Domain: (—oo, o)
2 .
—2x— 39. Possible answer:
The extended function is y = M ' W .
x+2 Assume y=xand y = |x| are continuous.

= 22— i
31. The domain of fis all real numbers x # 3. fis By the product theorem, y = x"=x - x is

. . . continuous.
continuous at all those points so fis a . A
continuous function. By the constant multiple theorem, y = 4x is
continuous.
32. The domain of g is all real numbers x > 1. fis By the difference theorem, y = x? dxis
continuous at all those points so g is a continuous.

continuous function. . .
By the composite theorem, y = ‘x2 - 4x‘ is

33. fis the composite of two continuous continuous.
functions g o h where g(x) = \/; and Domain: (—oo, o)
h(x) = - 40. One possible answer:

x+1

Assume y =x and y = 1 are continuous.
Use the product, difference, and quotient
theorems. One also needs to verify that the
limit of this function as x approaches 1 is 2.

34. fis the composite of two continuous
functions g o h where g(x) = sin x and

h(x) = 2 +1. Alternately, observe that the function is
equivalent to y = x + 1 (for all x), which is
35. fis the composite of three continuous continuous by the sum theorem.
functions g o i ok where g(x)=cosx, Domain: (=eo, o)

h(x)=3/x, and k(x) =1-x.
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41. One possible answer:

y

5

N

=f(x)

V"

43. One possible answer:

y
5

/

/

y=

fay 2

44. One possible answer:

y

T 1 T T

y=5x)

X

45, \

%V,

Intersection
H=-72448

2 I¥=-.7z2448z

[—3,3] by [-2,2]

Solving x = xto 1, we obtain the solutions

x=-0.724 and x = 1.221.

46.

47.

48.

49.

50.

51.

52,

Section 2.3

/]

nkerseckion
=-1.52128 I¥=-1.52138

[—6, 6] by [—4, 4]
Solving x = X+ 2, we obtain the solution
x=-1.521.

I
R

Since f(3)= lim f(x)=2a(3)=6a and
x—3*

lim f(x)= 32 -1= 8, the function will be
x—3"

continuous if 6a=8. Thusa = %

Since £(2)= lim f(x)=2(2)+3=7and

x—2"

lim f(x)=2a+]1,the function will be
x—2"

continuous if 2a+1="7. Thus a =3.

85

Since f(~1)= lim f(x)= a-)>-1=a-1

x——1

and lim f(x)=4- (—l)2 = 3, the function
x—>—1"
will be continuous if a—1=3.Thus a =4.

Since f(I)= lim f(x)=13=1and
x—-l1t

lim f(x)=(1)%+1+a =2+a, the function
x—1"

will be continuous if 2+a =1. Thus a =-1.

Consider f{x) = x —e”*.fis continuous,
f0)=-1,and f(1)= -1 0s. By the
e

Intermediate Value Theorem, for some ¢ in
0, 1),ficy=0and e € =c.

(a) Luisa’s salary is
$36,500 = $36,500 (1.035)" for the first
year (0 <7< 1), $36,500(1.035) for the
second year (1 <t <2),
$36,500 (1.035)? for the third year
(2 £t<3), and so on. This corresponds
y = 36,500 (1.035)™"".
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53.

54.

5S.

56.

57.

58.

59.

(b)

[0, 4.8] by [35000, 45000]
The function is continuous at all points in
the domain [0, 5) exceptat =1, 2, 3, 4.

(a) We require:

0 x=0
1.10, 0<x<l1
2.20, l<x<2
3.30, 2<x<3
4.40, 3<x<4
550, 4<x<5
6.60, 5<x<6
7.25, 6<x<24.

This may be written more compactly as
_J-1.10 int(-=x), 0<x<6
fuj_{7zi 6<x<24

f)=

(b)

[0, 24] by [0, 9]
This is continuous for all values of x in
the domain [0, 24] except for
x=0,1,2,3,4,5,6.

. 1 L .
False. Consider f(x)=— which is continuous
X

and has a point of discontinuity at x = 0.

False; if f has a jump discontinuity at x = a,

then lim f(x)# lim f(x), sofisnot
x—a x—a’

continuous at x = a.

B; f(x)= 1 is not defined.

Jo
E; f(x)=vx—-1=+1- =\/6 is the only

defined option.
A fi) =1

E; x = 3 causes the denominator to be zero
even after the rational expression is reduced.

60.

61.

62.

(a) The function is defined when 1+ l >0,
x

that is, on (—oo, —1) U (0, o). (It can be
argued that the domain should also
include certain values in the interval
(=1, 0), namely, those rational numbers
that have odd denominators when
expressed in lowest terms.)

(b) J

[-5, 5] by [-3, 10]

| —

(c) If we attempt to evaluate f(x) at these
values, we obtain

-1
el L) ool
f(D—@+_J 07l =

0
(undefined) and f(0) = (1 + éj

(undefined). Since fis undefined at these
values due to division by zero, both
values are points of discontinuity.

(d) The discontinuity at x = 0 is removable
because the right-hand limit is 0. The

discontinuity at x = —1 is not removable
because it is an infinite discontinuity.

© /,——

[0, 20] by [0, 3]

AT
10 2.5837
100 2.7048
10 2.71e8
10000 | z./1B1
100000] £.7183
1EB e.f183
1E7 £.7183

FIBCL+ 1 R0
The limit is about 2.718, or e.

This is because lim f(a+h) = lim f(x).
h—0 x—a

Suppose not. Then f would be negative
somewhere in the interval and positive
somewhere else in the interval. So, by the
Intermediate Value Theorem, it would have to
be zero somewhere in the interval, which
contradicts the hypothesis.
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63.

64.

Since the absolute value function is
continuous, this follows from the theorem
about continuity of composite functions.

For any real number a, the limit of this
function as x approaches a cannot exist. This is
because as x approaches a, the values of the
function will continually oscillate between O
and 1.

Section 2.4 Rates of Change and Tangent Lines

(pp- 87-95)

Quick Review 2.4

1.

Ax=3-(-5)=8
Ay=5-2=3

Ax=a-1
Ay=b-3

3
=—x+6
)

-6 17

m=——
4-1 3 3
——z(x—1)+6
Y73

]
YT

3
=—Z(x-1)+4
y 4u )

Section 2.4
9. Since 2x + 3y =5 is equivalent to

5
y =——x+§, we use

10. ——=

Section 2.4 Exercises

N _fB-FQ)_28-9_

1. (a
(@) Ax 3-2 1

19

b Y _fO-fED_2-0_,
Ax 1—(=]) 2
éfsz%—fUD:3—1:1

2. (a
() Ax 2-0 2

A _ fU2)-f(0) _ 741

b
®) Ax 12-10 2

A _fO-f() _1-¢”
Ax 0—(-2) 2

3. (a)

A _fO-fO)_-e
Ax 3-1 2

(b)

A _f@-fD)_In4-0_1In4

4. (a
(@) Ax 4-1 3 3

Af _ f(103)—f(100)
Ax 103-100
_In103—1n 100

3
1,103

n PR—
3 100
:llnl.OS
3

(b)
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5. (a) ﬁzf(@_f;(f) il 4
Ax 44 2
o F(5)-F7) 0-BZ_ 3B
w LT 6] 0=
Ax 276 3 V4
6. (a) A _fm-fO) _1-3__ 2

Ax -0 T .4

( Ax w—(-m) 2r

by N _f-fem _1-1_

7. Weuse Q; = (10, 225), Q, = (14, 375),

05 =(16.5, 475), Q, =(18, 550), and

P =(20, 650).

650-225
a) Slopeof PQ;: ————— =43
(a) p o 20-10

650-375

2014
650475

20-16.5
650550

20-18

Secant _ Slope
PQ, 43

PO, 46
PO, 50
PO, 50

Slope of PQ,: 46

Slope of PQ;: 50

Slope of PQ,:

The appropriate units are meters per

second.
(b) Approximately 50 m/sec

8. Weuse Q) =(5,20), 0, =(7,38),

05 =(8.5,56), 04 =(9.5,72), and

P =(10, 80).

80-20

a) Slope of PQ;: =12
(a) p 0} 10_5
80-38

Slope of PO,: =14
p 0)) 10—7
80-56

Sl f PQO;: =16
ope of PO 15 s
80—-72

Sl f PQ,: =16
ope of POy 1575 s

(b)

(b)

(0

(d)

Secant Slope

PQ, 12
PQ, 14
PO, 16
PQ, 16

The appropriate units are meters per
second.

Approximately 16 m/sec

i 22D =32

h—0 h
2 2
i (27 -(2)
h—0 h
. A—dh+h? -4
=lim ——m———
h—0 h
 —4h+h?
=lim ———
h—0 h
=lim (4+h)
h—0
=—4
The tangent line has slope —4 and passes

through (=2, y(-2)) = (-2, 4)
y=—A[x—(-2)]+4
y=—4x-4

The normal line has slope — L4 = % and
passes through (-2, y(-2)) = (-2, 4).
1
=—[x—-(-2)]+4
y=7 [x=(=2)]

=—x+—
YT

1
[-8, 71 by [-1, 9]

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



10. (a) Lim Ya+h-yd
h—0 h
[+ =41+ k)] -1 - 4(D)]
= lim
h—0 h
o 1+2h+h? —4—4h+3
= lim
h—0 h
. hEP-2h
= lim
h—0 h
=lim (h-2)
h—0
=2

(b) The tangent line has slope —2 and passes
through (1, y(1)) = (1, =3).
y=-"2(x-1)-3
y=-"2x-1

(¢) The normal line has slope _L2 = % and

passes through (1, y(1)) = (1, -3).
1
=—(x-1D)-3
y 2(x )

@ /

[-6, 6] by [-6, 2]

1 1

y2+m-y(2) _ L 21— 2-1

11. (a) lim
h—0 h h—0 h
|
= lim 2L —
h—0 h
~ lim 1-(h+1)

=11
h—0 h(h+1)

. 1
=lim| ——
h—>0( h+1)
=-1

(b) The tangent line has slope —1 and passes
through (2, y(2)) = (2, 1).
y=—(x-2)+1
y=—-x+3

(¢) The normal line has slope _Ll =1 and

passes through (2, y(2)) = (2, 1).
y=1(x-2)+1
y=x-1

Section2.4 89

=]

[-4.7,4.7] by [-3.1, 3.1]

i 2O+ = ¥(0)
h—0 h
2
~im (h*=3h-D— (-1
h—0 h
)
= lim
h—0 h
= lim (h—3)
h—0
=-3

12. (a)

(b) The tangent line has slope —3 and passes
through (0, ¥(0)) = (0, -1).
y=-"3(x-0)-1
y=-3x-1

(¢) The normal line has slope —% =% and
passes through (0, y(0)) = (0, -1).
1
=—(x-0)-1
y 3( )

1
=—x-1
Y73

oL

[-6, 6] by [-5, 3]

13. (@) Nearx=2,f(x)=x|=x.

lim fQ+h-fQ2) — lim 2+h)-2
h—0 h h—0 h
=1lim 1
h—0

=1

(b) Nearx=-3,f(x)=|x|=—x.
i SRS (B-1)-3
h—0 h h—0 h
=lim —1
h—0
=-1
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14. Nearx=1,f(x)=|x-2|=—(x-2)=2—=x.
o FAD=FD) | [2=0+h]-2-D

h—0 h h—0 h
. 1-h-1
= lim
h—0 h
= lim —1
h—0
=-1

15. First, note that £ (0) = 2.

tim LOFW=FO) _ .
h—0~ h h—0~ h
. —2h—h?
= lim ———
h—0~
= lim (=2—h)
h—0~
=2
i FO+R=FO) _ - 2h+2)=2

h—0" h h—0" h
= lim 2
h—0*
=2
No, the slope from the left is —2 and the slope
from the right is 2. The two-sided limit of the
difference quotient does not exist.

16. First, note that £ (0) = 0.
tim LOEM=fO) _ o Zh=0

=-1
h—0" h h—0" h
p— 2 p— p—
i SOED=FO (0 =1)=0
h—0" h N h
= lim (h-1)
h—0"
=-1
Yes. The slope is —1.
. 1
17. First, note that f(2) = 3
1 1
lim LGED=F@) 24672
h—0~ h N
2—-2+h)
= lim ————=
h—0" 2h(2+h)
—h

= lim ———
h—0" 2h(2+h)

lim — !
=0~ 2(2+h)
1

4

(2—-2h—-h>)-2

4-@+n) 1
- 4
lim fC+-f () _ lim 2
h—0* h h—0" h
. [4-Q2+n)]-2
m ————————

h—0* 4h

Yes. The slope is —i.

.. . RY/4
18. No; the function is discontinuous at x = T

because

lim f(x) =lim sinx= sins—” = Q
x—>Br/4)” x—>G3r/4)” 4 2

but f 3z =coss—”=—£.
4 4 2

lim fla+h)-f(a)
h—0 h
2 )
— lim [(a+h)”+2]—(a” +2)
h—0 h
 a*+2ah+h’ +2-a* -2
= lim
h—0 h
. 2ah+h?
=lim ——
h—0 h
=lim (2a+h)
h—0
=2a

19. (a)

(b) The slope of the tangent steadily increases
as a increases.

2 _2
lim M = lim 4t6__a
h—0 h h—0 h
_ 2a—2(a+h)
h—0 ah(a+h)
. -2
= lim
h—0a(a+h)
2

a2

20. (a)

(b) The slope of the tangent is always
negative. The tangents are very steep near
x =0 and nearly horizontal as a moves
away from the origin.
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